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BROADBAND RANDOM VIBRATIONS OF
ELASTIC SYSTEMS

V. V. BOLOTIN

Moscow Energetic Institute, Moscow, USSR

Abstract--considered are vibrations of elastic systems under the action of external forces which represent a
space-time broadband random process. On the basis of the asymptotic method, advanced by the author, and of
estimates for the density of natural frequencies of shells, integral estimates for displacements and stresses are
proposed which occur in elastic systems. At the basis of the method advanced there lies the replacement of
summation over separate natural modes of free vibrations by integration over a certain range of frequencies (or
wave numbers). The question concerning limitations of this method is discussed. Investigated is the influence
of the characteHstics of the loading of the type of damping as well as of the type of boundary conditions on
mean squares and spectral densities of displacements and stresses.

INTRODUCTION

IN TillS PAPER, the problems of vibration of elastic systems (beams, plates and shells)
under random forces represented as a broadband space-time process are considered.
As an example the random vibrations of structures due to acoustic pressure fluctuations
radiated from the hot jet may be mentioned. It is well known [1] that the frequencies of
the acoustic pulsations are distributed practically over the whole sound range. The
pulsations of acoustic pressure can excite a great number of structural modes simulta
neously. Thus the common methods based on the expansion of the solutions into a
series of natural modes are inconvenient. At the same time the possibility arises of
obtaining approximate solutions based on asymptotic properties.

The method based on this idea was proposed by the author several years ago [2-4].
Two features of eigenvalue spectrum are employed in this method. First, the asymptotic
behaviour of the highest eigenfrequencies and associated modes, and, secondly, the
sufficiently great density of eigenfrequencies of elastic plates, shells and other elastic
bodies. The method consists essentially in replacing summatjon of the contribution of
each mode by integration over a certain region in wave numbers space. This is analogous
to the passage from the quantum statistics to the classical one. The wider the excitation
spectrum and the higher the density of natural frequencies, the better is the approximation
by the asymptotic method. Unlike the direct summation method, the integral method
proposed, yields in many cases the results in closed form. Thus we have the possibility
to study systematically the influence of different factors on the random behaviour of
elastic systems.

The article is written according to the following plan. In Section 1 brief information
on the asymptotic method is presented [2, 3]. The principle of replacing the summation
over vibration modes by integration over the wave numbers space is discussed in Section
2. Examples of application of this method to thin elastic plates are given in Sections 3
and 4. In these sections the influence of spectral and correlation characteristics of loading,
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the influence of boundary conditions and of the type of damping on mean square dis
placements and mean square stresses are investigated. ~ection 5 is devoted to the
consideration of the shear and rotationary inertia effects. In this section the boundaries
of applicability of classical plate theory to the problem of broadband vibration are
discussed. In Section 6 examples of the application of the method to thin elastic shells
are given. The evaluation of mean square stresses and strains in the case of thin spherical
shells is discussed in particular. In the last section an application of the proposed method
to the estimation of spectral densities, effective frequencies and other parameters is given.

This paper is based on material presented at the 11th International Congress of
Applied Mechanics, Munich, 1964. A short abstract of this report is to be published in
the Proceedings of the Congress [5].

1. THE ASYMPTOTIC METHOD IN THE THEORY OF
VffiRATION OF ELASTIC BODIES

Referring for details to papers [2, 3], let us present some information on the asymptotic
method for the investigation of natural frequencies and modes of elastic systems for
sufficiently high wave numbers.

According to this method the asymptotic solution for the natural mode is expressed
as a sum of the internal solution and correction solutions which are called the dynamic
boundary effects. Each expression satisfies the differential equations and the conditions
on one of the boundaries of the rectangular region. The number of these expressions is
equal to the number of boundaries. Then the obtained expressions must be matched.
This procedure is similar to the matching of the membrane solution and the boundary
effects in the theory of shells or to the matching of the viscous and inviscid solutions in
hydrodynamics. The matching can be achieved only approximately. The faster the
boundary effects decay, the less is the error of the asymptotic solution. As a result the
equations can be obtained for the parameters defining the internal solution and the
boundary effects. Then the asymptotic expression for natural modes can be obtained
for the whole region except corners and ribs. This is typical for all methods which use
the concept of the boundary effect.

FIG. 1. Schematics of the shell.
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As an example consider a thin elastic shell with constant thickness h, referred to
orthogonal coordinates Xh X 2, which coincide with curvature lines (Fig. 1). Let Xl and
X2 be the principal curvatures of the middle surface, E the elastic modulus, p the material
density, D the cylindrical rigidity, w the normal displacement, t/J the stress function
multiplied by h, w the natural frequency. If the characteristic wavelength is sufficiently
small compared with xi l and Xl l, the equations for natural modes can be taken in
the form

(1.1)

(1.4)

The asymptotic solution of the equations (1.1) for the rectangular (in a general sense)
region with sides a l and a2 and with constant middle surface metrics have been obtained
in paper [2]. In particular, for natural frequencies the formula

2 '" ~ ~k2+ k2)2+ Ehxi (kix+ kWJ (1.2)
w ph ~ 1 2 D (ki+ k~)2

was given, where X= X2/Xl (Xl i= 0). The wave numbers k 1 and k2 are calculated from
the following transcendental equations:

klal = arc tg ull(k l, k2)+ arc tg u12(kl , k2)+ ml1l:,

k2a2 = arc tg U2l(k b k2)+ arc tg u22(k l, k2)+ m21l: (1.3)

(m l , m2 = 1,2, ...).

The functions ua.p(k h k2) depend on the boundary conditions. For free supported edges
all functions ua.p(k l , k2) are equal to zero; the asymptotic solution in this case coincides
with the well known exact solution.

The asymptotic solution is valid in the whole domain of sufficiently high wave
numbers except in the regions of degeneration of the dynamic boundary effect. The
details may be found in article [2]. For example, the dynamic boundary effect never
degenerates for plates and spherical shells. For the cylindrical shell the boundary effect
degenerates only for sufficiently small wave numbers:

k2+ k2 < (Ehxi)t.
1 2 - D

As a most simple example let us consider the application of this method to the problem
of natural vibrations of a rectangular clamped plate with sides al and a2. The equations
(1.3) in this case take on the form

kl
k1a1 = 2 arc tg (ki+ 2k~)t+ ml1l:,



(1.6)
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TABLE I

k1a1 k2a2 W
m1 m2 Proposed Calculations MJ1t 1t

method of Iguchi (%)

1 1 4/3 4/3 3·556 3·646 2·53
1 2 1·2027 2-4372 7-386 7-437 0·69
2 2 7/3 7/3 10·889 10·965 0·70
1 3 1-1420 304688 13-337 13-398 0·42
2 3 2·2556 304012 16·656 16·717 0·37
3 3 10/3 10/3 22·222
1 4 1-1084 4·4816 21·313
2 4 2·2038 4·4366 24·540 24'631 0·36
3 4 3·2784 4·3832 29·960
4 4 13/3 13/3 37·556

Here the functions arc tg U(JfJ are taken in the sense of their principal values. The
natural vibration frequencies are determined by formula

2 2 (D)tw '" (k t + k2 ) ph . (1.5)

A comparison of this result with the very reliable results of Iguchi [6], which have been
obtained by means of a variational method, is presented in Table 1. The calculations
were performed for a square plate with sides at = a2 = a. Here w is the dimensionless
frequency coefficient in the formula

= 1t
2W(D)i

w 2 h·a p

As is seen from the table even for the lower frequency the deviation does not exceed
3 per cent. This deviation decays rapidly with an increase of the frequency.

The asymptotic expression for natural modes can be easily obtained. Thus, near the
boundary Xt = 0 (except in the neighbourhood of corner points) the expression can be
obtained

(ki+ 2k~)t { . k t cos ktxt
w(Xt, X2) '" 2t (ki+ k~)t sm k tXl - (ki+ 2k~)t

+ (ki:~k~)t exp[ - Xt (ki + 2k~)t]} sin k 2(X 2- x~).

As Xt increases the boundary effect rapidly decays and the expression (1.6) approaches
the internal solution

W*(X t ,X2) = sinkt(xl-x?)sink2(x2-x~). (1.7)

Here x? and x~ are the limiting phases (certain constants depending on the boundary
conditions).

Note that from the formulae (1.3) the rougher approximation may be obtained:

k 1a 1 = m 11t+ m(I), k2a 2 = m21t+ m(1) (m t , m2 = 1,2, ...). (1.8)
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FIG. 2. Family of curves, determined by equation (1.7), in the plane of wave numbers.

These formulae are analogous to the well-known Courant's asymptotic estimates [7]
for the eigenvalues in the vibration problem of membranes and thin plates. It is essential
that for shells these asymptotic estimates are valid only if the boundary effect does not
degenerate. This is clear from the physical point of view: the degeneration of the boundary
effect indicates a strong influence of the boundary conditions on the mode behaviour
in the internal region.

On Fig. 2 two sets of curves corresponding to the integer numbers ml and m2 in
equations (1.8) are shown. The wave numbers are defined as coordinates of the inter
section points. If the shell is simply supported all u"p are equal to zero and we obtain two
sets of straight lines parallel to coordinate axes. The dimensions of cells formed by these
lines are tiki = n/al and tik2 = n/a2' In the general case a variation of the boundary
conditions cannot displace the intersection points by more than tiki and tik2• This
follows from formula (1.8).

2. THE METHOD FOR OBTAINING ASYMPTOTIC ESTIMATES FOR
MEAN SQUARES OF DISPLACEMENTS AND STRESSES

Let us study now the vibrations of an elastic system under the action of random loads.
The usual procedure for solving this problem is based on the expansion of displacements,
stresses, etc. in series of prinCipal modes. Thus, the partial differential equations of the
problem are reduced to an infinite number of ordinary differential equations. Further,
this system must be truncated and standard methods of statistical dynamics used. As an
example let us consider a two-dimensional elastic system, characterized by the displace
ment function W(XI' X2' t). Let us assume

(2.1)

"
where l'p,,(xJ> X2) are the natural modes,f,,(t) are the generalized coordinates. Introducing
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some additional assumptions relating to the character of the dissipative forces we obtain

(2.2)

(2.3)

Here w~ are the natural vibration frequencies of the nondissipative system, f3~ are the
damping coefficients, Q~(t) are the generalized forces. The generalized forces are con
nected with the loading density q(x 1 , Xl' t). natural modes CP~(Xl' Xl) and surface mass
density ph by the expression

ff q(x I' Xl' t)cp~(x I' Xl) dx 1 dXl
Q~(t) = --------

ffphcp;(xI,xl)dxl dX l

Let the load intensity q(x 1• Xz, t) be the stationary ergodic random function of time t
and arbitrary random function of coordinates XI and Xl' Then the generalized forces
Qit) are obviously ergodic stationary functions of time t. Let us introduce the spectral
density <D~(w) for the generalized forces

1rJ

<D~(w) = ; J_., QJt)Q,(t + r) exp( - iwr) dr.

For mean square generalized forces !; we get

(2.4)

(2.5)r;=J' <D~(w)dw .
. 0 (W;-OJl)l+(2f3~w~W)l

If f3~ ~ 1 and the spectral densities <D~(w) are sufficiently slow varying functions of w,
instead of formula (2.5) we can write

(2.6)

Formula (2.6) is the basic relation in the subsequent study.
Let us now assume that the time spectrum of external loads is sufficiently wide. Taking

into account the high number of excited modes one can use several simplifications.

(1) The asymptotic expression for the natural modes can be used when the expression
for the displacements and stresses in series is introduced. Therefore the asymptotic
formulae for generalized forces can be obtained.

(2) The asymptotic formulae for natural frequencies can be used.
(3) Under certain restrictions the summation in formulae for correlation functions,

mean squares, etc., may be replaced by integration over wave number space. This permits
one to obtain simple integral estimates. The error of these estimates decreases with in
creasing density of natural frequencies and with decreasing rate of change of parameters in
wave number space.

Let the stress s(t) at a certain point, or any other parameter, be expressed in the form

s(t) = I cJ~(t),
(2.7)
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where fam are the generalized coordinates and c~ are certain constants. Then for mean

squares;, neglecting the cross correlation of generalized coordinates and using the
formulae (2.6), we obtain an approximate formula

(2.8)

All terms of the series (2.8) depend only on mode number 0(. In the two-dimensional
case this mode is completely defined in asymptotic sense by a pair of wave numbers k t , k2•

Therefore

(2.9)

(2.10)

(3.1)

where cI>(k t , k2 ) are the diagonal elements of spectral density matrix for generalized forces.
If the terms of series (2.9) are slowly varying functions of wave numbers, the sum on the
right side can be replaced by corresponding integral. Then we arrive at

""2 "" 1t JJc
2
(k t, k2)cI>(k t, k2)dk t dk2

s 3'4Ak t Ak2 P(kt , k2)w (k t , k2 )

Here Ak t and Ak2 are the dimensions of the quantum cell (Fig. 2). In many cases
Ak t = 1t/at, Ak2 = 1t/a2' But sometimes, taking into consideration symmetry conditions,
we shall put Ak t = 21t/ab Ak2 = 21t/a2' etc. We assume that the integral (2.10) converges
and the approximation connected with transition from the formula (2.9) to the formula
(2.10) is not too rough. These conditions determine the region of the applicability of the
given method.

Formula (2.10) is an asymptotic one. The higher the density of natural frequencies,
the smaller is the error in formula (2.10). The error mentioned can be estimated just as
in the case of well known summary formulae of the numerical methods of calculations
of integrals. The more general expression taking into account the cross correlation, can be
developed by the same method. In this case the integral estimate is expressed by means of
four-fold integrals.

The integral estimates permit an easy investigation of influence of different factors
on a random behaviour of elastic systems. In many problems where standard methods
would lead to a great number of calculations, the method of integral estimates leads to
simple final formulae. Several applications of this method are considered below.

3. SEVERAL PROBLEMS OF RANDOM VmRATION OF
THIN ELASTIC PLATES

Let us consider the vibrations of a thin elastic rectangular plate with sides at and a2
and thickness h. The equation for the normal deflection w(x t , X 2, t) is taken in the form

a2 w
DAAw+ ph at2 + L(w) = q(x t , X2' t),

where L is a linear dissipative operator.

8
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Let us introduce first an operator Lo given on the set of functions

CPiXl, X2, t) = CP:(Xl, X2) exp(iav),

wnere cp:(x l , X2) is the internal solution (1.7), ro" is the natural frequency. Here

Lo(cp,,) = 2iphfJ"ro"CP:(Xl, X2) exp(iro"t),

where fJ" is the coefficient of dissipation. Let us consider three realizations of the operator
L o. These realizations are given by the formulae

. a
L = phB ot ,

L = l/Jo(Dph)t ~Il
2n at'
a

L = ytD at Illl.

(3.3a)

(3.3b)

(3.3c)

The case (a) corresponds to the so called "external" damping with coefficient B. The
case (b) corresponds to the energy dissipation independent of vibration frequency. Here
l/J0 is the specific damping ratio, equal to the rate of energy dissipation during the period
of vibration to the mean value of the total energy. The case (c) corresponds to a visco
elastic material according to the Kelvin-Voigt hypothesis with viscosity coefficient yt.
In the case (a) the damping coefficient fJ" is inversely proportional to the frequency ro", in
the case (b) fJ" is independent of ro", in the case (c) fJ2 is proportional to ro".

The next step consists in the extension of these equations to the random processes con~

sidered. The extension is based on the asymptotic behaviour of the natural modes. In the
asymptotic approximation the natural modes CPiXl, X2) can be approximated by means of
CP:(Xl, X2)' If the dissipative forces are sufficiently small the evaluation of each generalized
coordinate is close to the narrow-band random process with frequency ro".

Let the load intensity be delta-correlated in space and possess an arbitrary time cor
relation. By introducing the Fourier time transformation

Cl>iXl,X2,ehe2 ; ro) = ;J:oo q(Xi>X2,t)q(el,e2,t+-r)exp(-iro-r)d-r

this condition can be written in the form

(3.4)

Let us substitute formulae (1.5), (1.7) and (3.4) for formula (2.10). Assuming that c" = 1,
corresponding to the case of determination of mean square w2, we obtain the asymptotic
estimate

(3.6)

Here the phases x~ and x~ are taken to be uniformly distributed. Therefore
Ilk l = 2n/a l , Ilk 2 = 2n/a2• The calculations can be simplified by introducing the polar
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coordinates

113

(3.7)

Then the formula (3.6) takes on the form

w2 '" a1a2(D)t j'P(r) dr.
8D2 ph p(r)r

(3.8)

Analogously, for normal stress a = all(±h/2) at arbitrary point of internal region of
the plate with coordinates X3 =:: ±h/2, we have to take formula (2.10):

c(kl> k2 ) = ~~ (k~+ vk~),

where v is Poisson's ratio. Using notations (3.7), we obtain

2", 9a1a2(D)t(3+2 +3 2)j'P(r)dr
a 16h4 ph v v p(r)r· (3.9)

(3.10)

Let the time spectrum density be equal to zero everywhere except in the range
WI ~ W ~ W y inside which the time spectrum density is equal to constant value 'P. Let us
call this white noise truncated from both sides "quasi-white" noise. Thus let us assume

{

'Pa 1a20(Xl-el)O(X2-e2)

cI>q(Xl>X2' el> e2;W) = (WI ~ W ~ Wy),

oin other cases.

Further, let us introduce the characteristic deflection Wo and characteristic stress a0

2 a1a2 (D )t'P
Wo = 8D2r? ph PI'

2 9a1a2 2 'P
ao = 16h4 (3+ 2v+ 3v )PI·

Here rl and PI are the values of parameters rand P at frequency W = WI. Using formula
(3.8) we obtain the following simple formulae for dimensionless mean square deflection

w
2

"'! (1 _w?)
w~ 4 w~'

w
2

"'! (1-wt).
w~ 6 w~

(3.11a)

(3.11b)

(3. 11c)
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It is interesting that in the limiting case W u -4 00 the mean square displacements are
very simply related. The formulae for mean square stresses are

2

I~I~ I

o

(3.12a)

(3.12b)

(3.12c)

FIG. 3. Comparison of theoretical and empirical values of 0"2 and w2
.

Let us note that as W u -4 00, the finite limit for (12 exists only in case (a). On Fig. 3 the
comparison is made between the results obtained by direct summation of terms of series.
For calculations we assume at = a2 = 1 m, h = 2.10- 3 m, E = 1'4.1011 nm- 2, v = 0,3,
p = 2·7 . 103 kgm- 3, W, = 3·7 . 104 sec - t. The predicted results are plotted by thick line,
the empirical results are presented by means of histogram. The agreement for the stresses is
better than the agreement for the displacements. This fact is natural because of the rela
tively greater contribution of the lowest modes to displacements than to stresses. On the
whole the agreement can be considered as satisfactory.

The results obtained above referred to values of parameters in the internal region.
Here the influence of boundary conditions was ignored as inessential. It may be expected
that the results are applicable for plates of arbitrary form if only the considered points are
sufficiently far from the boundary.
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Near the contour of the plate substantial boundary effects are to be expected. These
effects may be taken into account in the framework of the asymptotic method. First, the
mean squares of generalized coordinates are to be calculated under the assumption that
the influence of boundary effects on the behaviour of the solution in the internal region is
negligible. Then we return to the consideration of boundary conditions introducing in
formula (2.10) the corresponding influence coefficients c(kl> k2 ).

As an example let us study the boundary effect near the clamped edges. Using formula
(1.6) we find that along the 'line on which sin k2(X2 - xg) = 1

n t
2 2 tc(k1, k2 ) = hZk1(k1+ k2 ) • (3.13)

Substituting expression (3.13) into formula (2.10) we obtain after integration

(J2 '" 9ala2 (~)tf 'I'(r) dr: (3.14)
h4 ph fJ(r)r

Formulae (3.8) and (3.14) are analogous. The ratio of mean square stresses for clamped
edges and for internal region is independent of the time correlation form and type of
dampingand is equal to

(J;dll 16

(Jrnt ~ 3+ 2v+ 3v2

For v = 0·3 the ratio of the mean square stresses at clamped edges and in the internal
region is equal to approximately two.

4. THE INFLUENCE OF LOAD SPACE CORRELATION

The final results given above are obtained for the case when the external forces are
delta-correlated, It is the simplest case for the analytical calculation but it is a too rough
an idealization of a real process. The question concerning the possibilities of such idealiza
tion can be studied also by means of the method presented. For simplicity let us consider
the one-dimensional system-a beam or a plate of span a subjected to cylindrical bending.
Let the external forces be exponentionally correlated. Then

(4.1)

(4.2)

Here a is the correlation constant, 'I'(w) is the function characterizing the time correlation.
The spectral density of generalized forces can be determinated by formulae (2.3) and (2.4).
Expressing (J),.(w) as a function of wave number k we obtain

4'1'(k)r aa 2k2 -aa~
(J}{k) = p2h2aLk2+a2+ (k2+a2)2(I+e ~'

Let us substitute the expressions (1.5) and (4.2) into formula (2.10). As a result we
obtain an asymptotic formula for mean square displacements and stresses in the internal
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(4.4)

(4.3)

region (X3 = ±h/2):

2 1 (D)tJr. 2k
2 -<ItlJ 'I'(k) dk

W "'2D2a ph LlXa+k2 +rx2 (1+e ~P(k)(P+rx2)k6'

2" 18 (D\t Jr. 2k
2 -<Itl~ 'I'(k)dk

(T '" ah4 pJi) LlXa+ k2+ rx2 (l + e )J P(k)(k2+ rx2)P'

As an example let us consider the case of "quasiwhite" time noise. Let the damping
be external (case a). Then P(k) = P,kf/P, where k, and P, are the wave number and damping
coefficient, respectively, corresponding to the lowest frequency W" Introducing the
notations

Jl.a. = lXa,
2 18(D) t 'I'

(To = h4 ph p,kr'

after calculation using formula (4.4) we obtain

Jl.l = k,a, Jl.u = kua

2

~"= 50".

---------- --.....----
---

(4.5)

a 12·5 25

~a

".

37·5 50

FIG. 4. Dependence of (12 on Jl. and Jl•.

The results of calculations by formula (4.5) are plotted on Fig. 4 by continuous lines.
It was assumed that Jl.1 = n. The horizontal dotted lines correspond to the assumption
that the load is completely space correlated. The dotted curves' are obtained for space
delta-correlated load. The load intensity is taken so that at great values of rx the exponen
tially-correlated and delta-correlated loads are equivalent in a certain sense. To this end
instead of formula (4.1) the expression
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was taken. From the diagram (Fig. 4) it follows that the wider the time spectrum of excita
tion the smaller must be the space correlations. This follows also from mechanical con
siderations. An unexpected result is that the complete correlation approximation is valid
over a very wide range of damping coefficient variation, provided the time spectrum of
excitation is sufficiently wide. This result should be studied further, as also other questions
concerning the possibilities of simple analytical approximation of realistic random load
ings.

5. THE INFLUENCE OF TRANSVERSE SHEAR AND OF
ROTATIONARY INERTIA

At sufficiently high wave numbers the effects of transverse shear and rotationary in
ertia must be taken into account. Let us estimate the influence of these factors on the
mean square stresses and displacements. Consider a rectangular plate with sides a1 and
a2 and with thickness h. Let us take the equations which follow from the Reissner theory
[10J:

(5.1)

Here W(X1, X2, t) is the normal displacement of the points of the middle surface, cp(Xl> X2, t)
and "'(Xl> X2, t) are the displacement potentials which are connected to the angles of
rotation of normals ()1 and 82 by expressions

Further, E is the elastic modulus, v is Poisson's ratio, p is the density, ')' is a nondimensional
coefficient, taken usually equal to 5/6.

It was shown by Moskalenko [l1J that the asymptotic method is valid for the first,
primarily (bending) series of the natural modes if the characteristic wave length is greater
than the thickness h. More exactly, the condition of the application of the asymptotic
method is

(5.2)

where k 1 and k2 are the wave numbers. For the natural vibration frequencies, correspond
ing to the first (bending) series, we obtain the approximate formula

(5.3)
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Here % is the nondimensional coefficient

(5.4)
1 1

%= +-.
6y(l-v) 12

Using the method given above we obtain the formula for mean square displacements
in the internal region of plate under the loading with the spectral density (3.4):

wZ _ a1az(D)+J 'P(r)(l+ %hzrZ)t dr. (5.5)
8Dz ph f3(r)r 5

For mean square stress (1 = (111(± h/2) we obtain analogously in the internal region

(1z _ 9a 1az D)+(3+ 2v+ VZ)f 'P(r)(1 + %hzrZ)t dr.
16h4 ph f3(r)(1 +%ohZrZ)Zr (5.6)

Here %0 = %-1/12, where % is determined by formula (5.4). Let us carry out the
calculations by formula (5.6) for the case of "quasiwhite noise". Further, let us take
f3 = const. The calculation by formula (5.6) gives

(5.7)

In this formula (10 is the characteristic stress

Z = 9alaz(~)t(3+2V+3VZ)'P.
(10 16h4 ph f3

FIG. 5. Dependence of (Tl on W./Wh for a thick plate.
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(6.1)

(6.2)

(6.3)

On Fig. 5 the diagram corresponding to formula (4.7) is given. Here Wh is a character
istic frequency

Wh = X~2~Y'
The order of magnitude of Wh is equal to natural frequency corresponding to the wave
length of the order of thickness h. In plotting the diagram it was assumed that the lower
boundary of the exciting spectrum is WI = 1O-4wh' The result corresponding to the
classical theory is plotted by a dotted line. It is seen from the diagram that the classical
theory of plates is applicable up to W u '" lO-lwh' As an approximate estimate we can
use the classical theory practically up to W u '" Who

6. RANDOM VmRATION PROBLEMS FOR THIN ELASTIC SHELLS

Let us consider now the more difficult problem of random vibration of thin shells.
Let us use the system of differential equations

(
i)2t/J i)2t/J) i)2w

D~~w - X2 i)xi + Xl i)x~ +ph i)t2 = q,

1 i)2w i)2w
Eh ~~t/J+ X2 i)xi + Xl i)x~ = 0,

describing vibrations with sufficiently high wave numbers and ignoring the tangential
external forces and tangential inertia forces. In the equations (6.1) the same notation is
used as in equations (1.1). However, in equations (6.1) W(Xl,X2,t) and t/J(Xl,X2,t) are the
functions describing the time variation of the displacements and stresses, respectively.

Using the integral method we can obtain the formula for mean square displacements
and stresses, which coincides with formula (2.10). The expression (1.2) must be substituted
into the formula (2.10) instead of w(k l , k2 ). Let the external load be characterized by
expression (3.4). After substitution and transition to polar coordinates (3.7), formula (2.10)
takes on the form

- a1a2 (J)!-f1C12 i,u(lI) 'I'(r, (J)r dr
W2 '" -- - d(J

4nD h 0 ,,(II) [r4+ r~(x cos2(J + sin2(J)2Jf'

In formula (6.2) ro indicates the constant

12(1- v2 )xi
r~ = -'--:--.---:""""'::

h2

lind rl(J) and ri(J) indicate the real roots of the equation

r4 + r~(x cos2(J+ sin2(J)2 = w 2

corresponding to the cases W = WI and W = W u '

The integral on the right side of formula (6.2), in genera~ is not expressible by
elementary functions. However, in some cases, as an example in the case of a spherical
shell, simple final formulae can be obtained. Let 'I' = const in- the interval WI ~ W ~ W u
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(6.4)

and be equal to zero outside this interval. Here W, ~ wR ' where wR is the minimum
natural frequency determined by formula

W R = ~(~r·
Introducing the characteristic deflection Wo by formula

2 a1a2 (D)! 'P
Wo = 8D2rt ph /3,

we obtain after integration

w
2 "'! wf ~(1- wi)!_(I_wi)!],

w~ 2wi~ w: wf

(6.5a)

(6.5b)

(6.5c)

As before, the first formula corresponds to the case of external damping, the second
one corresponds to the case of damping independent of the frequency, the third formula
corresponds to the case of Kelvin-Voigt damping.

Some numerical results obtained for case a are plotted on Fig. 6. It is seen from the
diagram that the influence of the curvature on the mean square displacements is not too
strong. It is seen from Fig. 6 that the mean square deflections increase when the ratio

0'50

I'> 1,>0
0·25

o L-.l.----.J.5-------..J10-----IJ..s _

....
Wl

FIG. 6. Dependence of w2 on w. and W, for a spherical shell.
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WrJWI approaches unity. This may be explained by the approximation of the lower part
of the interval of exciting frequencies to the frequency near which a maximum of the
density of natural frequencies takes place [9].

For the calculation of mean square normal stresses (1 = (111 ( ±h/2) at points located
sufficiently far from the boundary, we have to take in formula (2.10)

c(k k) = 6D fp k2+ Eh
2
1x l1 (kfx+ k~)k~J

l' 2 h2 L1 + V 2 6D kf+ k~ .

The substitution into the formula yields

(6.6)

where (X2 = (1- v2)/3.
As an example, let us consider the spherical shell loaded by the broadband random

timtHpace forces (3.10). Let the damping be external (case a). Introducing the notation for
the characteristic stress

2 = 9a 1a2 (D)t '1'(3+ 2 + 3 2)
(10 16h4 ph P, v v

we obtain after the calculation of the integral in formula (6.6)

(12 1 WR{(W; )t (wt )t (1+ 3v)x w;-'''-- --1 - --1 + In
(1~ 2 W, wi wi 3+ 2v+ 3v2 wi

3+ 4v+ v
2r (W2 )t (w2 )tJ}

- 3+ 2v+ 3v2 Larc tg wi -1 - arc tg\w~-1 .

10

(6.7)

I 'bIb'
5

OL-IC...__--:~---___:'I;;-----___:':_---___;;'I;;_-

FIG. 7. Dependence of 0'2 on W. and WI for a spherical shell.
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The results of calculation by formula (6.7) are plotted on Fig. 7. Taking into account
the asymptotic character of the used estimate, the influence of the curvature on the mean
square stress may be neglected (if the exciting spectrum is sufficiently wide).

7. ASYMPTOTIC ESTIMATES FOR SPECTRAL DENSmES AND OTHER
CHARACTERISTICS OF FREQUENCIES

The asymptotic method can be used for calculation of spectral densities, correlation
functions, etc. As an example let us calculate the spectral density of stresses at some point
of a plate or a shell. The connection between the mean square (J2 and spectral density
CI>,,(w) is given by formula

(J2 = foo CI>,,(w) dw.
o

(7.1)

Together with the given excitation process let us consider an auxiliary process with
spectral density coinciding with the spectral density of the given process at w :::;; w* and
being equal to zero at w > w*. Using the method described above, we may obtain an

asymptotic estimate for mean square (J2 '" f,,(w*) as a function of separation frequency w*.
Then the asymptotic estimate for spectral density of stresses is expressed on the basis of
(7.1) by the simple formula

(7.2)

(7.3)

As an example, let us carry out the determination of the spectral density of stresses
near the clamped edge of a thin plate. Let us consider the loading given in the form (3.10).
Analogously to formula (3.14) let us write

9a
1
a

2
(D)t rro~/2(PhID)I/4 'I'(r) dr

f,,(w*) '"~ ph J0 {3(r)r .

Hence, using formula (7.2), we obtain an estimate for the spectral density

CI> ( ) '" 9a 1a2(D)t_'I'(W)
" w 2h4 ph {3(w)w'

Let us note that this estimate is an asymptotical one. The spectral density calculated
by means of formula (7.3) is smoothed out with respect to the peaks due to the individual
contribution of each natural mode. It is evident that the error in estimating the spectral
densities may be larger than in estimating the mean squares. However, the formulae of
type of (7.3) may be useful for drawing general conclusions concerning the influence of
different factors on the character of the spectral density. On Fig. 8 the diagrams for
smoothed spectral density of deflection are plotted for the case when the loading is space
white noise and time quasiwhite noise, i.e. the time-space spectrum is given by expression
(3.10). The variation of the character of spectral density in the transition from the external
damping (case a) to Voigt's damping (case c) is shown on the diagram. An analogous dia
gram for the spectral density of stresses is given on Fig. 9. In the case of external damping
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•
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I
I
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I

OL....:C=-~=..,;;;====--L-w

a

FIG. 8. Spectral density <1lw(w) for three cases
of dissipation.

FIG. 9, Spectral density <1l.(w) for three cases
of dissipation.

(7.4)

the spectral density of stresses is similar to the time spectral density of load. In the case of
damping independent of frequency and in the case of Voigt's damping, the higher natural
modes are suppressed more than the lower natural modes.

It is not difficult to obtain the asymptotic estimates for some other values. Thus in
determining the degree of damage and the mean life of structures [8] we must know the
effective frequency Werr of stresses u(t):

_'ff: w
2

<1>",(w) dwl
t

Werr - 00 •L<I>",(w) dw
Using the asymptotic estimate (7.3) for the spectral density, we obtain the following

simple formulae for Werr :

W;rr '"
wf+wuw,+w;

(7.5a)
3

w;rr '"
w;-wf

(7.5b)
2 '

I W un-
wf

w;rr '" Wuw,. (7.5c)

The formulae (7.5) indicate the influence of the time spectrum width and type of damping
on the mean life of the structure.
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Resume-Dans ce texte sont considerees les vibrations des systemes elastiques SollS I'action de forces extemes,
ce qui represente un procede au hasard espace-temps alarge bande. Des evaluations integrales pour les deplace
ments et efforts qui adviennent dans les systemes elastiques ont ete proposees en se basant sur la methode
asymptotique avancee pllr I'auteur et sur des evaluations integrales pour la densite des frequences naturel1es
d'une voile. A la base de la methode avancee se trouve Ie remplacement de la sommation de modes naturels
separes de vibrations libres par une integration d'une certaine gamme de frequences (ou numeros d'ondes).
Le probleme des limites de cette methode y est discute. L'influence des caracteristiques de charge et du genre
d'amortissement ainsi que du genre des conditions limites sur les carres moyens et densites spectrales des de
placements et efforts, est investiguee.

ZusammenfllSSllllg-Es werden Schwingungen von elastischen Systemen unter der Einwirkung von iiusseren
Kriiften untersucht, welche einen zuflilligen Breitband Raum-Zeitvorgang darstel1en. Auf Grund der vom
Verfasser vorgeschlagenen asymptotischen Methode und der Schiitzungen der Dichte von Eigenfrequenzen
von Schalen, werden integrale Schiitzungen fUr Verschiebungen und Spannungen vorgeschlagen, welche in
elastischen Systemen auftreten. Am Grunde der vorgeschlagenen Methode liegt der Ersatz der Summierung
tiber einzelne Hauptformen der Eigenschwingungen durch Integration tiber einen gewissen Frequenzbereich
(oder Bereich der Wel1enzahlen). Die Frage betreffend die Einschriinkungen dieser Methode wird erortert.
Untersucht wird femer der Einfluss der Belastungscharakteristiken, der Diimpfungsart, als auch der Art der
Randbedingungen auf die Durchschnittsquadrate und auf die Spektraldichten der Verschiebungen und
Spannungen.

ABB~-PaCCMaTpHBaIOTcliKone6aHHlI ynpyrHx CHCTeM no,ll; ,ll;eitcTBHeM BHellIHHX cHn, npe,ll;CTaB
nlllOIllHX c060it npocTpaHCTBeHHo-BpeMeHHoit cHy'laitHbIll: npouecc c IlIHPOKHM CneKTpOM. Ha OCHOBe
aCHMnTOTH'IecKoro MeTO!la, npe,ll;nO)KeHHOrO aBTopoM, H oueHOK ,ll;nlI nnOTHOCTH C06CTBeHHbIX '1aCTOT
060nO'leK npe,ll;naralOTCli HHTerpanbHbIe oueHKH ,ll;nll nepeMeIlleHHll: H Hanpll)KeHHll:, B03HHKalOIllHX B
ynpyrHx CHCTeMRX. B OCHOBe npHMeHlIeMoro MeTO,ll;a ne)KHT 3aMeHa CyMMHpOBaHHlI no OT,ll;enbHbIM
cPopMaM C06cTBeHHbIX Kone6aHHil: HHTerpHpOBaHHeM no HeKoTopo.!t 06nacTH '1aCTOT (HnH BOnHOBbIX
'lHcen). 06cyQaeTCli BOnpOC 0 rpaHHURX npHMeHeHHlI :noro MeTO,ll;a. MCCne,ll;yeTCli BnHlIHHe xapaKTe
pUCTHK Harpy3KH, THna ,ll;eMncPHpoBaHHlI, a TaK)Ke THna rpaHH'IHblX ycnOBHil: Ha cpe,ll;HHe KBa,ll;paTbi H
cneKTpanbHble nnOTHOCTH nepeMeIlleHHIl: H Hanpll)KeHHit.


